Let B be the parametric surface in R3 representing a sphere:

—

R(0, ) = (rcosfcos ¢, rsinb cos ¢, rsin @)

for —m <60 <m, —% <¢p< g and r be its radius.
R can be generalized to a sphere-ish surface where its radius is not constant by all of the param-
eters (6 and/or ¢), thus giving:

R(0,¢) = (r(0, ¢) cos O cos ¢, (0, ¢) sin 0 cos ¢, (8, ¢) sin ¢)

for -t <0 <7 -5 < ¢ <7 and r(6,$) be an arbitrary application taking (6, ¢) to the radius of
the point with those coordinates.
Let S be the surface represented by R, its surface area is calculated by:

A_é/dS

Where dS = || N||d¢df, begin N the normal vector to the surface S. N can be computed as:

- OR OR

N=20 & 1
20~ 96 (1)

It will subsequently be proved that

ds = r(6, ¢) (gg)z + <r2(9,¢) + (gzb)z) cos2(¢) dpdo

Proof. Note: the following notation will be used:

of

8Ii f - 6Z‘Z

Let’s start by giving a first value to N by calculating dp R and &ﬂ%

OR or , or . or .
90 = <(80 cos0—rs1n0> cos @, <6981n0+rc0s9> cos @, aesmqﬁ)

(3—2 = ((g(;cosgb—rsingb) cos b, (g;(zosgb—rsingb) sin(‘),g;)sinqﬁ—krcos¢>

Then, by (1)

N = ((9grsin 0 + 7 cos ) cos ¢(Dyr sin ¢ + r cos ¢) — dpr sin ¢(Ogr cos ¢ — rsing)sind,
Opr sin ¢(Oyr cos ¢ — rsin @) cos § — (D7 sin ¢ + 7 cos @) (gt cos § — rsin B) cos ¢,
(Opr cosf — rsin @) cos ¢(Oyr cos ¢ — rsin @) sinf — (Jgrsin @ + r cos 0) cos ¢p(dypr cos ¢ — rsin @) cos §)
(2)

So the square of the euclidean norm of N is
|IN[|2 = ((Bgrsin 6 + 1 cos 0) cos p(Dyr sin ¢ + 1 cos ¢) — gr sin (D7 cos ¢ — 7 sin ¢) sin 0)?
+(Ogr sin p(dyr cos ¢ — rsin @) cos @ — (D1 sin ¢ + r cos @) (Jgr cos § — r sin 0) cos ¢)*
+((Bgr cos § — 1 sin @) cos ¢(dyr cos ¢ — 1 sin @) sin @ — (Jpr sin O + r cos 0) cos G(Dyr cos ¢ — rsin ¢) cos 0)>

The following steps will consist of algebraic manipulation until a nice expression for ||Z\7 || is found.



Applying the numbers squared identities to the first and second components of N , and replacing
the third component to N2 it is obtained

|IN]|2 = (897 sin 6 + 7 cos )2 cos? $(0prsin ¢ + 1 cos )% + (9r)? sin® ¢(Dyr cos ¢ — 7sin ¢)? sin” 0
—2(Dgrsin @ + r cos 0) cos ¢(yr sin ¢ + 1 cos ¢)dgr sin @7 cos ¢ — rsin ¢) sin 6
+(0g7)? sin? ¢(Dyr cos ¢ — 7 sin )% cos? O + (97 sin ¢ + r cos @) (Jgr cos § — 7sin §)? cos? ¢
—20g7 sin ¢(Oy1 cos ¢ — rsin @) cos O(Iyr sin ¢ + 1 cos @) (Jpr cos § — rsin f) cos ¢
+N?

Now reordering the terms by common factors:

[IN[|2 = (9g7)2 sin® ¢(Dyr cos ¢ — 1 sin ¢)? (sin® 0 + cos? 0)
+ cos? ¢(dprsin ¢ + 1 cos ¢)? ((Dr sin 6 + r cos 6)% + (Jr cos 6 — rsin §)?)
—20p7 sin ¢ cos ¢(Oyr sin ¢ + 1 cos @) (0pr cos ¢ — rsin @) ((Fpr sinf + r cos 0) sin 6 + (G cos § — rsin h) cos 9)

—

+N?2
(3)

Simplifying the additions of some terms of (3)

(Dprsin O + 1 cos 0)? + (Ogr cos @ — rsin0)? = (Fgr)? sin® 6 + 12 cos? O + 20,7 sin Or cos 0)
+(0g7)? cos® O + 12 sin? @ — 29gr cos Or sin O (4)
= ((897“)2 + r2) (sin2 0 + cos? 0) = (Og7)? + r?

(Oprsin @ + r cos ) sin @ + (9pr cos @ — rsinb) cos
= Ogrsin® @ + r cos O sin 6 + pr cos? ) — rsin § cos 0 (5)
= Op7(sin” O + cos? 0) = Ogr

Now let’s take a look at N,. Since by (2) we know the value of the z (third) component of N:
N, = (9gr cos —rsin §) cos @(0yr cos p—r sin @) sin —(Gpr sin O+ cos 0) cos ¢(0yr cos ¢—rsin @) cos §
Which can also be ordered as
N, = cos d(Ogr cos ¢ — rsin@)((Jgr cos — rsinf) sin@ — (Jprsin @ + r cos ) cos 0) (6)
Simplifying the subtraction on the right
(Dpr cos O—r sin @) sin §— (Jgr sin O+ cos §) cos § = (Jgr cos O sin §—r sin? ) — (g7 sin O cos O+ cos? 0)
= Ogr cos @sin — rsin? O — Jgrsinf cos§ — r cos® O = (—r) (sin2 6 + cos® 0) =—r

Then by (6) N2 can be written as

—

N2 =12 cos® ¢(9yr cos ¢ — rsin ¢)? (7)
Substituting (4), (5) and (7) to (3) we arrive at

[IN[|2 = (9gr)? sin? ¢p(dyr cos ¢ — 1 sin )2
+ cos? ¢(Dgrsin ¢ + r cos )2 ((9gr)? + 12)
—2(Dpr)?* sin ¢ cos ¢(Dyr sin ¢ + 1 cos @) (97 cos ¢ — rsin P)
+72 cos? ¢(9,r cos ¢ — 1sin ¢)?

= ((397")2 sin? ¢ 4 72 cos? qS) (Ogr cos ¢ — rsin ¢)*
+ cos® ¢(dyrsin ¢ + rcos ¢)? ((Dor)? + 1?)
—2(0pr)? sin ¢ cos p(sin ¢ cos ¢((Dpr)? — r2) + rdgr(cos® ¢ — sin’ @)

To get the end result some more square identities will be applied



|IN||? = ((0p7)? sin? ¢ + 2 cos? @) ((Ogr)? cos? ¢ + r? sin® ¢ — 20,7 cos ¢r sin ¢)
+ cos? ¢((Dpr)? sin® ¢ + 12 cos? ¢ + 20,7 sin ¢r cos ¢) ((Dgr)? + 1?)
—2(0pr)? sin ¢ cos p(sin ¢ cos ¢((Dpr)? — r2) + rdgr(cos® ¢ — sin’ @)

= (0y1)?(9pr)? sin’ ¢ cos? ¢ + 12 sin* ¢(Dpr)? — 2(9pr)20yr cos drsin® ¢
+(0g7)? cos* ¢r? + rtsin? ¢ cos? ¢ — 2047 cos® P sin pr
+(0g1)%(Dpr)? sin? ¢ cos? ¢ + 12 cos® ¢(Dgr)? + 2047 sin ¢ cos® ¢(pr)?
+(0p7)? sin? ¢r? cos? ¢ + 14 cos? ¢ + 20,7 sin ¢r® cos® ¢
—2(0g7)%(0pr)? sin? ¢ cos? ¢ + 2(9pr)? sin? ¢ cos? ¢r?
—2(9pr)? sin ¢ cos® gproyr + 2(0gr)* sin® ¢ cos Orogr

= (Ogr)? sin? ¢r? cos? ¢ + 2(0pr)? sin? ¢ cos? P2
+r4 cost ¢ + 12 cos* ¢p(Dpr)?
+(0g7)? cos? ¢r? + rt sin? ¢ cos? ¢ + 2 sin® ¢(9pr)?

= (9gr)%(r? cos* ¢ + 2sin” ¢ cos? ¢r? + 12 sin’ ¢)
+(9g7)?(cos* ¢r? + sin? ¢r? cos? ¢)
+74(cos* ¢ + sin? ¢ cos? ¢)

Note that:
72 = r%(cos® ¢ + sin® ¢)? = (rcos® ¢ + rsin® ¢)? = r? cos? ¢ + 2r? sin? ¢ cos® ¢ + 12 sin? ¢

And:
cos® ¢pr? + sin? ¢r? cos? ¢ = cos? ¢(r? cos® ¢ + 72 sin? ) = 2 cos? ¢

Same with:
r4(cos? ¢ + sin? ¢ cos® ¢) = r? cos? ¢(cos? ¢ + sin? ) = 7 cos® ¢

So that the final result:

||N| |2 = (897“)27"2 + (34)7“)27”2 cos? ¢+ r* cos? 10}

=12((0p7)* + ((9p7)? + 1r?) cos® ¢)

Which implies that the modulus of N is

N1l = 4/ (@or)2 + ((Bor)? +72) cos? &

As the final step, computing dS gives

ds = r(ﬁ,q&)J (gg>2 + (7“2(97(;5) + <§;)2> cos?(¢) dedd

Which is what it was wanted to be proved. Hence the proof is complete.




